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ABSTRACT
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l. INTRODUCTION AND PRELIMINARIES
Banach contraction principle is one of the fundamental results on fixed point theory. Because of its
importance in Non-linear analysis, a number of researches have improve and generalized this result. In 2012,
B.Samet, C,Vetro and P.Vetro [1] introduced the concept of (a —w ) -contractive maps, where « isan a -

admissible mapping which is a new direction in the context of generalization of contraction maps and proved the
existence of fixed points of such mappings in metric space setting. In 2013, E.Karapinar, P.Kumam and

P.Salimi [4] introduced (a — v ) -Mier-Keelar contractive mappings in the setting of complete metric space via
triangular o -admissible mapping. In 2015, G.V.R.Babu, K.K.M.Sarma and V.A.Kumari [7] proved existence
and uniqueness of common fixed points by for a pair of (f, g) of weak generalized (« ,y ) -contractive maps
with rational expressions in partially ordered metric spaces.

Notation: Throughout this paper ¥ denotes the family of non-decreasing functions v :[0,©) — [0, )

such that y is continuous on [0,) and > y "(t) < +o0 for each t>0, where

n=1

v "Isthe n" iterate ofy .

Remark 1.1. Any function y e ¥ satisfies lim y "(t) = 0 and y (t) < t , for any t>0.

n— oo

Definition 1.2. (B.Samet, C.Vetro and P.Vetro [1]) Let (X ,d) be a metric space

f:X > X and a: X x X = [0,0) .Wesaythat f is ¢ -admissible,

if x,ye X ,a(x,y)21= a(fx, fy)>1. (1.2.1)

In 2013, (E.Karapinar, P.Kumam and P.Salimi [4]) introduced the notion of a triangular o -admissible

mapping as follows.
Definition 1.3. (E.Karapinar, P.Kumam and P.Salimi [4]) Let (X ,d) be a metric space, f : X — X

and « : X x X — [0,0) . Wesaythat f istriangular o -admissible, if

(i) f is a -admissible ; and

(i) a(x,y)=1, a(y,z)21= a(x,z)>1for any x,y,ze X .

Definition 1.4. (B.Samet, C.Vetro and P.Vetro [1]) Let (X ,d) be a metric spaceand f : X — X bea
self map of X . Suppose there exist two functions « : X x X — [0,0) and w e ¥ such that
a(x,y)d(fx, fy) <w (d(x,y)) forall x,y e X . Thenwe say that f isa («,y ) -contractive mapping.
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Remark 1.5. If f : X — X is a contraction with contractive constant O<k<1, then f is an (a,y) -
contraction mapping, where « (x,y) <1 forall x,y e X and y (t) = kt forall t> 0.

Theorem 1.6. (B.Samet C.Vetro and P.Vetro [1]) Let (X ,d) beacomplete metric spaceand f : X — X
bean (a,w ) -contractive mapping. Suppose that

(i) f is @ — admissible;

(i) there exists x, e X suchthat & (x,, fx,) >1;and

(iif) f is continuous.

Then f has a fixed point, that is, there exists u € X suchthat fu = u .

In 1977, D.S.Jaggi introduced 'rational type contraction mapping' as an extension of ‘contraction maps' and
proved the existence of fixed points of such mappings.

Theorem 1.7. (D.S.Jaggi [2]) Let f be a continuous self map defined on a complete metric space (X ,d) .
Suppose that f satisfies the following condition:

there exist o, € [0,1) with & + B <1 such that

d(x, fx)d(y, f
d(fx, fy) <« (x, t)d (y y)+ﬂd(x,y) forall x,ye X, x=y (1.7.0)

d(x,y)
Then f has a fixed pointin X .

Here we note that a mapping f : X — X , X a metric space, that satisfies (1.7.1) is called a ~ Jaggi
contraction’ map on X .
Later E.Karapinar and B.Samet [3] introduced generalized (e« ,y ) -contractive mappings and proved fixed

point results and their extensions to partially ordered metric spaces.
J.Harjani, B.Lopez and K.Sadarangani [10] extended theorem 1.7 to the context of partially ordered complete
metric spaces.

Theorem 1.8. (J.Harjani, B.Lopez and K.Sadarangani [10]) Let (X ,<) be a partially ordered set and (X ,d)
be a complete metric space. Let f : X — X be anon decreasing mapping such that

d(fx, fy)<a d(x, x)d(y. fy) + pd(x,y) forall x,ye X (1.8.1)

d(x,y)
with Xx>ywhere 0 < a,p <1 with o + g <1.

Also assume either (i) f is continuous; (or)

(i) if a non decreasing sequence {x } in X issuchthat x, - x as n — o« then x, <x Vvn.

Suppose there exists x, € X suchthat x,< fx,. Then f has a fixed point.

A map f that satisfies the inequality (1.8.1) is called Jaggi contraction map in partially ordered metric spaces.

In 2013, M.Arshad, E.Karapinar and J.Ahmad [12] extended theorem 1.8 to almost Jaggi contraction type
mapping in partially ordered metric spaces.

Note: Let (X ,<) be a nonempty set and (X ,d) be a metric space. Then (X ,d,=<) is called a partially
ordered metric space.
Definition 1.9. (M.Arshad, E.Karapinar and J.Ahmad [12]) Let (X ,d,<) be a partially ordered metric space.

A self mapping f on X is called almost Jaggi contraction if it satisfies the following condition: there exist
a,p €[0,1) with o« + g <1 and L = 0 such that

d(x, fx)d (y, fy) .
d(fx, fy)<a + Bd(x,y)+ L.min{d (x, fx),d(x, fy),d(y, fx)} (2.9.1)
d(x,y)
for any distinct comparable x,y ¢ X .
Theorem 1.10. (M.Arshad, E.Karapinar and J.Ahmad [12]) Let (X ,d,=<) be a partially ordered complete

metric space. Suppose that f is a continuous and non decreasing self map on X that satisfies the following

inequality: there exist o, # € [0,1) with o + g <1 and L > 0 such that
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d(x, fx)d (y, fy) .
d(fx, fy) < a + Bd(x,y)+L.min{d (x, fy),d(y, fx)} (1.10.1)

d(x,y)
for any distinct comparable x, y e X . Suppose that there exists x, e X with x < fx,.

Then f has a fixed point.

Remark 1.11. Since every almost Jaggi contraction satisfies the inequality (1.10.1), it follows that the
conclusion of theorem 1.10 is valid under the replacement of condition (1.10.1) by almost Jaggi contraction in
theorem 1.10.

In 1986, G.Jungck [8] introduced the concept of ‘compatible maps’ as a generalization of ‘commuting maps’
and proved the existence of fixed points in metric spaces. In 1998, G.Jungck and B.E.Rhoads [9] introduced the
concept of “weakly compatible’ maps as a generalization of compatible maps’.

Definition 1.12. (G.Jungck [8]) Two self mappings f and g of a metric space (X ,d) are said to be
compatible if lim d(fgx ,gfx )=0 , whenever {x } is a sequence in X such that

n— o

lim fx_=1lim _ gx =u forsomeue X .
— 0 n

n— o

Definition 1.13. (G.Jungck and B.E.Rhoades [9]) Two self mappings f and g of a metric space (X ,d) are
said to be weakly compatible if they commute at their coincidence points. i.e., if fu = gu for some u e X ,
then fgu = gfu .

Definition 1.14. (R.P.Pant [14]) Let (X ,d) be a metricspaceand f ,g be self mapsof X .We saythat f

and g are 'reciprocally continuous' if lim fgx = fz and lim gfx_= gz whenever {x } is a sequence in

n— oo n— o

X with lim fx = lim gx_ =z forsome ze X .

The following well known lemma which we use in this paper can be easily established. However, a proof can be
found in [5].
Lemma 1.15. (G.V.R.Babu and P.D.sailaja [5]) Suppose (X ,d) be a metric space, {x_ } be asequence in X

such that d (x x,)—> 0asn— o, If{x } is not a Cauchy sequence then there exists an 0 > 0 and

n+1’

sequences of positive integers {m (k)} and {n(k)} with m(k) > n(k) > k such that

d (X0 Xnp) 204 A (X 10 X, ,) < 0 and
(i) l!Lnl d (Xm(k)—l’ Xn(k)+1) =06 (i) lI(erl d (Xm(k), Xn(k)) =0
(iii) :Lnl d (X1 Xagy) = © and (iv) llfl d (X, ey Xpgeyer) = 0

Definition 1.16. (L.Ciric, N.Cakic, M.R.Rajovic and J.S.Ume [11]) Suppose (X ,<) is a partially ordered set
and f,g: X — X aretwo self mappingsof X . f issaid by g — non-decreasing if

Forx,y e X , gx=gy implies fx< fy .

In 2014, G.V.R Babu, K.K.M.Sarma, and V.A.Kumari [6] introduced the notion as («, g) -admissibility of a

self map on a metric space.
Definition 1.17. (G.V.R.Babu, K.K.M.Sarma and V.A.Kumari [6]) Let f ,g be two self mappings on a metric

space X .Let a: X x X — [0,o) be afunction. We say that the map f is (a, g) -admissible map if for
X,ye X ,a(gx,gy)=21= a(fx, fy)=>1 (1.17.2)

In 2015, G.V.R Babu, K.K.M.Sarma, and V.A.Kumari [7] introduced the concept namely ' f is a triangular
(a, g) -admissible map'.

Definition 1.18. (G.V.R Babu, K.K.M.Sarma, and V.A.Kumari [7]) Let (X ,d) be a metric space and f , g
be two self maps on X . Let « : X x X — [0,) be a function. We say that the map f is triangular
(e, g) -admissible if

(i) f is («,g) -admissible; and

(if) @ (gx,gy) =1, a(gy,g9z)>1= a(gx,gz)>1 forany x,y,ze X . (1.18.1)
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If g =1, ,the identity map of X in (1.18.1), thenwe call * f istriangular « — admissible'.
Examplel.19. (G.V.R Babu, K.K.M.Sarma, and V.A.Kumari [7]). Let X =[0,3] with the usual metric.
Let A= A U{(0,2),(3,0),(0,3),(2,3)} and B
={(x,y)e X x X :x = y}-{(0,2),(3,0),(0,3),(2,3)} . where A = {(x,x)/ xe X}.
3x . x if xe[0,2]
. — if xe][0,2]
We define f,g: X — X by fx=1{ 2 and gx =4 x 41
|3 if xe(2,3] |7

if xe(2,3]

_ 2" if (x,y)e A

We define @ : X x X — [0,0) by a(x,y) =1
| O otherwise.
Then it is easy to see that f is a triangular («, g) - admissible mapping. But g is not («, f)— admissible
mapping.
For, choose x =3 and y=0 . In this case fx =3, fy=0;gx=2 and gy =0 . Hence we have
a(fx, fy) = a(3,0)=2e>>1.
But ¢ (gx,gy) = a(2,0) =0« 1.Therefore g isnot («, f)— admissible mapping.
Example 1.20. (G.V.R Babu, K.K.M.Sarma, and V.A.Kumari)[7]. Let X =[0,2] with the usual metric.
Let A= AuU{(0,1),(1,2)} and B={(x,y)e X x X : x = y}—{(0,1),(1,2)}.
We define f,g: X — X Wedefine f,g: X — X by
2 R
x® if xe[0,1] (x if xe[01]

fx =14 and gx =
t— if xe (1,2] (2 if xe (1,2]
2

[ 2 if (x,y)e A

We define o : X x X — [0,0) by a(x,y)=1
0 otherwise.

Then itis easy to seethat f is (a, g) - admissible mapping. But g isnot («, ) - admissible mapping.
For choosing x=0 and y = 2 . Inthiscase fx =0, fy =1,gx =0 and gy = 2.
Hence we have o ( fx, fy) = ¢ (0,1) =2 >1.But ¢ (gx,gy) =« (0,2) =0 1.
Therefore g isnot («, f) -admissible mapping.
Here we observe that f is not triangular («, g) — admissible mapping.
For, by choosing (x, y) = (0,1) and (y,z) = (1,2)
We have «(g0,91) = (0,1)=2>1, a(gl,g2)=a(1,2)=2>1 but (g0,92)=a(0,2) =0 1.,
Therefore condition (ii) of inequality (1.18.1) fails to hold. Therefore f is not triangular («, g) - admissible

mapping.
Example 1.21. (G.V.R Babu, K.K.M.Sarma, and V.A.Kumari [7]). Let X = {1, 2,3} with the usual metric.

Let A={(1,1),(2,2),(3,3),(1,2),(2,3),(3,2)} and B={(2,1),(3,1),(1,3)} .
We define f,g: X — X by f1=1f3=3,f2=1;9g1=1,9g2=2 and g3=3.

) [ 2 if (x,y)e A
We define o : X x X — [0,0) by a(x,y) =1

0 otherwise.

Then it is easy to see that f isnot («, g) - admissible mappingand g isnot («, f) - admissible mapping.
For we choose x =1 and y = 2 ,inthiscase fx =3, fy =1,gx =1 and gy = 2.
Hence we have « (gx,gy)=a(1,2)=2>1.Buta(fx, fy) =a(3,1)=0“ 1.
Therefore f isnot («, g) - admissible mapping.

Further, we choose x =1 and y = 3, inthiscase fx = fy =3; gx =1 and gy = 3.
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Hence we have o (fx, fy) = «(3,3) =2>1.But « (gx,gy) =« (1,3) =0 1.
Therefore g isnot («, f) - admissible mapping.
Example 1.22. Let X ={0,1,2,3} with the usual metric.
Let A={(0,0),(1,1),(2,2),(3,3),(3,1),(0,2),(0,3)} and
B ={(0,1),(2,0),(1,0),(2,1),(1,2),(3,0),(1,3),(2,3),(3,2)}.
We define f,g: X - X by fo=f3=0,fl=f2=2;90=9g2=0,9g1=1and g3=3.
) [ 2 if (x,y)e A
We define o : X x X — [0,0) by a(x,y)=1
0 otherwise.

Then it is easy to see that f is not («,g) - admissible mapping and hence f is not triangular («,g) -
admissible mapping.

For we choose x = 2,y =3.Wehave a (gx,gy) =a(92,93)=a(0,3) =22>1.

But a (fx, fy) =a (f2, f3)=a(2,0) =0“ 1. Therefore f isnot («,g) -admissible mapping.

Hence f isnot triangular («, g) - admissible mapping.

In [7], it is mentioned that f is («, g) - admissible mapping, which is not true.

Notation: Let f be atriangular (a, g) -admissible mapping and suppose f (X ) < g (X ). Assume that there
exists x, € X suchthat a (gx,, fx,) > 1. Define a sequence {x,} by gx,, = fx . Then a(gx,, fx ) >1
forall m,ne N withm<n.

Definition 1.23. (G.V.R.Babu, K.K.M.Sarma and V.A.Kumari [6]) Let (X ,<) be a partially ordered metric
space and suppose that f : X — X isa mapping. If there exist two functions

a:XxX - [0,0),y e¥ and L >0 such that

a (x,y)d (1, fy) <y (M (x,¥)) + L.N (x,¥). (1.23.)
|( max{d (x, y), L MGy, ) dlx fy)d by, B
| d(x,y) d(x,y)
f f f f
where M (X, ) :J 10 Bodix )+ 4y, WAL, X)} if xand yarecomparable.
| 2d (x,y)
| 0 if x=y.

|

and N (x,y) = min{d(x, fx),d (x, fy),d (y, fxX)}, x,y e X with x<y . Then we say that f is weak
generalized (a ,y ) -contractive map with rational expressions.
Note: Clearly, if f isJaggi contraction. i.e.,amap f that satisfies (1.8.1) with « + g <1 then it satisfies the
inequality (1.23.1) with a(x,y)=1 V x,ye X, L=0 and y (t) = (a + B8)t,t = 0. Then f is weak
generalized (« ,w ) -contractive map with rational expressions.
Example 1.24. (G.V.R Babu, K.K.M.Sarma, and V.A.Kumari[7]) Let X = {0,1, 2} with the usual metric. We
define a partial order < on X by < :={(0,0),(1,1),(2,2),(0,1),(0,2),(1,2)}
Let A ={(0,0),(0,2),(1,1),(2,2),(2,0),(1,2)} and B = {(0,1),(1,0),(2,1)} .
Wedefine f : X — X by fo=2,f1=0and f2=2.
3

. — if (x,y)e A
We define o : X x X — [0,0) by a(x,y) —J
[ 0 otherwise.

Then it is easy to see that f is weak generalized (« ,y ) -contractive map with rational expressions.
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Definition 1.25. (G.V.R Babu, K.K.M.Sarma, and V.A.Kumari[7]) Let (X ,<) be a partially ordered metric
space and let f and g be two self mappings on X . If there exist two functions
a: X xX > [0,0),y ¥ and L >0 such that

a(gx,gy)d (fx, fy) <y (M (x,y)) + L.N(x,y). (1.25.1)
Whenever gx, gy are comparable, where

d(gx, Xx)d (gy, fy) d(gx, fy)d(gy, fx)

(max{d (gx,9y),

} d(gx,gy)  d(gx. gy)

M (x.y) :J d(gx, fx)d (gx, fy) + d (gy, fy)d (gy, fX)}’ it gx = gy.
| 2d (gx, gy)
t 0 if gx=gy.

and N (x,y)=min{d (gx, fx),d (gx, fy),d (gy, fx)}, x,y e X with x<y .

Then we say that (f, g) isapair of weak generalized (a,w ) -contractive map with rational expressions.

If g =1, , the identity map of X , in (1.25.1), then the inequality (1.25.1) reduces to (1.23.1) so that f is
aweak generalizid (a,y ) -contractive map with rational expressions.

Note: Clearly, amap f which satisfies (1.8.1) with « + g < 1 also satisfies the inequality (1.25.1) with
a(x,y)=1vx,ye X,L=0,g =1, and y (t) = (a+ B)t, t=0 , Hence f is weak generalized
(a ,w ) -contractive map with rational expressions. The following example satisfies inequality (1.25.1).
Example 1.26. Let X ={1,2,4} with the usual metric. We define a partial order < on X by
< :={(1,1),(2,2),(4,4),(1,2),(1,4)}. Let A={(11),(2,2),(4,4),(1,2),(1,4)} and
B ={(2,1),(4,1,),(2,4),(4,2)} . We define f,g:X - X by fil1=1f2=1f4=2 and
gl=92=4,9g4=2.

3

) — if (x,y)e A
We define @ : X x X — [0,0) by a(x,y)={ 2
0

[

otherwise.

4
and v :[0,0) = [0,0) by y (t) = —t.
5

Now we show that this example illustrates definition 1.25.
The following cases arise to verify the inequality (1.25.1).

Case(i): x=1and y=2.

Inthiscase d (f1,f2)=0, M (1,2) =3 and N(1,2)=0.

a(gx,gy)d(fx, fy) = a(gl,g2)d(f1, f2):0ﬁ%:t//(3)+ L.O

=y (M(@1,2)+LN@@2)=y¢y (M (x,y))+L.N(x,y) holds forany L >0
Case(ii): x=1and y = 4.

Inthiscase d (f1,f4)=1, M (1,4)=2 and N(1,4) =1.

a(gx,gy)d(fx, fy) =a(gl,g4)d(f1, f4)=0§%+ L=w(2)+L.1

=y (M (L,4)+LN@4)=yw(M(x,y))+L.N(x,y) holds forany L >0
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Case(iii): x=2 and y = 4.
Inthiscase d(f2,f4)=1, M (2,4)=3 and N (2,4) =1.

12
a(gx,gy)d(fx, fy)=a(9g2,94)d(f2,f4)=0<—+L =y ((3)+1L.1
5

=y (M (2,4))+LN(2,4)=w (M (x,y))+ L.N(x,y) holds foranyL >0
Here we observe that the inequality (1.8.1) is also holds.

Case(i): x=1and y =2.

In this case
d(, f1d(2, f2 d(x, fx)d(y, f
d(fx,fy):d(fl,f2):035:a.0+ﬂ:a¢+ﬁd(1,2):aw+ﬂd(x,y)
d(,2) d(x,y)
Case(ii): x=1and y = 4.
In this case
d(1, f1)d(4, f4 d(x, fx)d(y, f
d(fx,fy):d(fl,f4):1ss/3=a.0+3./3:a¢+ﬂd(1,4):aw+ﬁd(x,y)
d(L,4) d(x,y)
Case(iii): x=2and y = 4.
In this case
G(hfy)=d(12,14)1<as2f—adrap—a 2 TAUETN - piq gy oo LG iy
d(2,4) d(x,y)

1 1
- f isaJdaggi contraction with « = 0,8 = — .Thus f is contraction with contraction constant — .
2 2

Note: G.V.R Babu, K.K.M.Sarma, and V.A.Kumari [7] claim that the following example is an illustration of
definition 1.25. However this example does not illustrate definition 1.25 in view of the following.

Example 1.27. (G.V.R Babu, K.K.M.Sarma, and V.A.Kumari [7]) Let X ={1,2, 4,6} with the usual metric.
We define a partial order < on X

by < :={(1,1),(2,2),(4,4),(1,2),(6,6),(1,2),(1,4),(2,6),(1,6)} .
Let
A={(11),(2,2),(4,4),(6,6),(1,2),(1,4),(2,6)} and

B ={(2,1),(4,1,),(1,6),(6,1),(6,2),(2,4),(4,2),(4,6),(6,4)}.
We define f,g:X — X by fi1= f2=1,f4=f6=2;9gl=19g2=g4=4,andg6=2.
3
] — if (x,y)e A
We define o : X x X — [0, o) bya(x,y)=J
[ 0 otherwise.

4
and v :[0,0) - [0,0) by (1) = —t .
5

By choosing x =1, y = 6.
3

a(gx,gy)d(fx, fy) =a(gl,g6).d(fl, f6)=a(1,2).d(l,2)=
2

4
’ P vy @)+ L0O=y(M(x y))+LN(XYy).
Hence the inequality (1.25.1) fails to hold.

1. MAIN RESULT
In the following, first we prove the existence of coincidence points of a pair (f,g) of weak generalized

(e ,w ) - contractive maps with rational expressions.
Theorem 2.1. Let (X ,<) beaposetand (X ,d) bea metric space such that
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Xx<y<z = d(x,y)<d(x,z),d(y,z)<d(x,z) V x,y,ze X . (2.1.2)

Let f,g:X — X be two self maps on X. Suppose gx=<ggx V xe X , f is triangular («,g) -
admissible map and f is g -non-decreasing map. Suppose that there exist two functions

a:XxX - [0,0),y e¥ and L > 0 such that

a(gx,gy)-d(fx, fy) < w (M (x,y))+ L.N(x,y). (2.1.2)
whenever gx and gy are comparable and gx = gy, where
M (x,y) =

d(gx, fx)d (gy, fy) d(gx, fy)d(gy, fx) d(gx, fx)d (gx, fy)+d (gy, fy)d (gy, fx)
max{d (gx, gy), : : }
d(gx,gy) d(gx,gy) 2d (gx, gy)

and N (x,y) =min {d (gx, fx),d (gx, fy),d (gy, fx)}.

Also assume that

(i) X < gX .

(i) There exists x, € X suchthat a (gx,, fx,) >1 with gx < fx,.

(iii) g (x ) iscomplete subset of X (thatis g (X ) isacomplete metric space).

(iv) If {gx_ } is anon-decreasing sequence in gX such that gx, — gx as n — o« then gx_ <gx and

gx <y forsome y e gXx and vn = gx=y.

(v) Suppose {x_ } is a non-decreasing sequence such that x, —» x as n— o and a(x, ,x_ ) =1
whenever n<m, then « (x,,x) > 1.

Then f and g have a coincidence point.

Proof. Let x, e X beasin (ii), i.e.,  (gx,, fx;) >1,with gx, < fx,.

since fX < gX , we choose x, € X such that gx, = fx, and in a similar way there exist x, such that
gx, = fx .
By using a similar argument we choose a sequence {x 3} in X with

fx, = gx,,, forn=12,... (2.1.3)
Since gx,< fx, = gx, and f is g -nondecreasing

we have fx < fx sothat gx,<gx,.

Further since gx,<gx, and f is g -nondecreasing

we have fx < fx,,sothat gx,=<gx,.

Inductively, it follows that gx =<gx_ , forall n=1,2,3.... (2.1.4)
Now, a (gx,,gx,) = a(gx,, fx,) =1.

Since f is (a,g) -admissible, we get o (fx,, fx,) >1,ie, a(fx,, fx)) >1

By induction it can be shown that « (gx,,gx,,,) >1 foralln=1,23.... (2.1.5)
If gx is a coincidence pointof f and g .

= gx,,,,forsomen, then gx_, = fx __ sothat x,

+1
Now we assume that gx, # gx, _,,forn=1,23.... sothat d (gx,,gx ) >0 (2.1.6)
Now from (2.1.2), (2.1.4) and (2.1.5) we have

n+1 +1

d(gxn+1’gxn+2):1'd(fxn‘ an+1) < a(an,anH)d(an, an+1) < 14 (M (Xn’Xn+1))+L'N (Xn‘xn+1)

(2.1.7)
where
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d(gx,, fx )d(gx,,,, fx ) d(gx, , fx )d(gx, ., fx.)
d(9x,.9%,.,) ’ d (9%, 9%,,,)
d(gx,, fx, )d(gx,, fx, ) +d(gx, ., fx )d(gx, . fx,)
2d(gx,,9x,.,)
d(gx,.9x,,,)d(9x,.,,9%,,) d(gx,.9%,,)d(9x, . 9%,,,)
d (g%, 9%,.,) ’ d (gx,.9%,.,) '
d(gx,.9x,.,)d(gx,.9x,,)+d(gx, . 9%, .,)d(9x, . 9%,.,)
2d (gx,,9x,,,)

d (9x,,9X%,.,)
=max{d (gx,,9x,,,),d(9X,,;, gxm),o,#}

M (x,,X,,,)=max{d(gx,,9X,,,),

}

= max{d (gx,,9x, ),

}

M (x,,x,.,) =max{d(gx, ,9x,. ), d(gx,  ,,9X, ,)} and

N(x,,x,,,) =min{d(gx_, fx ), d(gx,, fx ). d(gx . fx )}
:min{d(gxn‘gxn+1)’d(gxn’gxn+2)’d(gxn+1’gxn+1)} :O

From (2.1.7) we have

d(9x,,,.9%,,,) <y (max{d(gx, 9x,,),d(gx, . 9%, ,)}+L.0 (2.1.8)

Suppose d (gx,,9x, ) <d(gx,,,,9%,,,)

then from (2.1.8)

d(gx,,,,9%,,,) <y (d(gx,,.9x,,)) <d(gx,,. 9%, ,) acontradiction.

Hence d (gx,,g9x,.,) > d(gx,,,,9x,,,),s0that (2.1.8) gives

d(gx,,,,9%,,,) < v (d(gx,,gx,,)) forall n (2.1.9)
<d(gx,,9%,,,) Vv n

Thus it follows that {d (gx, ., gx, )} is strictly decreasing sequence of positive numbers that converges to a

limit r >0

ie. lim d(gx,,9x,,) =r=>0

n— o

Now we show that r=0
From(2.1.9) d (gx,,,,9%,,,) < v (d(gx,,9x,,,))

w (v (d(g9x,.,.9x,)))=v " (d(g9x, ., 9X,))

IA

IAIA

wv" (d(gx,,9x,)) — 0 asn— o, sincey e ¥. (2.1.10)

Hence lim d(gx, ,9x,,,) =0.

n— oo

Now we show that {gx_} isa Cauchy sequence in X .

For positive integers n and k we have

d(gxn’gxn+k) < d(gxn’gxn+1)+d(gxn+1’gxn+2)+ """" +d(gxn+1<fl’gxn+k)
<y (d (9%, 40 9%,)) + W (d (9%, 0%, ;) + e +y (A (9%, 50 9%, 1)
< p " (d (9%, 9%)) + v (A (9%, 9%,)) e +y " Td (9%, 9%,)) > 0

+ 0

(by (2.1.10)and > w "(t) < + for eacht>0).

n=1

Therefore {gx_} is a Cauchy sequence.

WwWw.ijera.com 53|Page



K.P.R.Sastry et al. Int. Journal of Engineering Research and Application Www.ijera.com
ISSN : 2248-9622, Vol. 6, Issue 6, ( Part -2) June 2016, pp.45-56

Since g (X ) is complete, there exists z e g (X ), suchthat gx, — z = gx, forsome x e X .
Hence fx = gx,  , — gx (2.1.11)
Now we show that fx = gx .
Suppose gx = fx .
From(iv), since {gx,} isanon-decreasing sequence and gx,& — gx (2.1.12)
we have gx <gx=<fx Vvn
Now gx=<ggx = fx=<fgx. (. f is g non-decreasing)
We observe that gx, = gx , for every n
Now a (gx,gx, ) d(fx, fx,) < w (M (x,x,))+L.N(x,x,) (2.1.13)
Now M (x,x,) =
d(gx, ix)d(gx,, fx ) d(gx, fx )d(gx, , fx) d(gx, fx)d (gx, fx ) +d(gx,, fx )d (gx
max{d (gx, gx,), , )
d(gx,gx,) d(gx,gx,) 2d (gx, gx,)
d(gx, fx)d (gx,, fx)
w
d (9%, gx,)
d(gx, fx )d (gx_, fx
(g )9 (9%, %,) < 1.d(gx,, fx) (2.1.15)
d (g%, gx,)
d(gx, fx)d (gx, fx ) +d(gx, , fx )d (gx , fx)
Now <
2d(gx,gx,)
d(gx, fx,) . d(gx,, fx,) d(gx,, fx)
2d (gx,gx.)  d(gx,gx,) 2
d(gx, fx,) d(gx,, fx)
+
2d (gx,gx,) 2
d(gx, fx) +d(gxn, fx)

< =d(gx, fx)
2 2

n?

fx)1
i

No

< d(gx, fx) < d(gx,, fx) (2.1.14)

d(gx, fx)

IA

d(gx, fx).

< d(gx,, fx) (2.1.16)
Therefore M (x,x,) < max{d(gx,gx,),d(gx, , fx),d(gx,, fx),d (gx, , fx)}
fx) (2.1.17)
and N (x,x ) = min{d (gx, fx),d (gx, fx_ ),d (gx,, fx)}

M (x,x,) < d(gx

n?t

=d(gx, fx,)

=d(gx,gx,,,) forlargen. (2.1.18)
From (2.1.13)
d(fx, fx,) < a(gx,gx,).d(fx, fx,) < w (d(gx,, fx)) +L.d(gx, fx ).
Therefore d (fx, fx, ) < w (d(gx, fx))+0<d (gx, fx)

d(fx,gx,,,) =d(fx,gx) <d(gx, fx)

a contradiction.
Hence gx = fx.

Therefore x is a coincidence pointof f and g .
Corollary 2.2. Let (X ,=<) beaposetand (X ,d) beacomplete metric space such that
X<y<z = d(x,z)<d(x,z),and d(y,z)<d(x,z) V X,y,ze X (2.2.2).
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Let f:X — X be a non-decreasing map. Suppose «a :X x X — [0,0) is such that
a(x,y)21= a(fx, fy) and a(x,y) =21, a(y,2)21 = a(x,2)21 VXx,y,ze X . (222)
Suppose M (x,y) =
d(x, fx)d(y, fy) d(x, fy)d (y, fx) d(x, fx)d (x, fy) +d (y, fy)d (y, fx)
max {d(x,y), , : }
d(x,y) d(x,y) 2d(x,y)
(223) vx,y e X with x =y

and N (x,y) =min{d (x,y),d(x, fy),d(y, fx)} (2.2.4)
Suppose there exist w € ¥ such that « (x, y).d (fx, fy) < w (M (x,y))+ L.N(x,y)

Whenever x and y are comparableand x = y ,where L >0

Assume that,

there exists x, e X .suchthat o« (x,, fx;) =1, with x < fx, (2.2.6)

If {x_} isanon-decreasing sequence in X suchthat x, — x as n — « then x <x

and x <y forsome ye X and v n = x<y (2.2.7)
and « (x,,x,_ ) =1 whenever n<m, then o (x_,x) =1 (2.2.8)
Then f has a fixed point.

Proof. Take g = I intheorem 2.1.

X
Corollary 2.3. Let (X ,<) be a poset and (X ,d) be a complete metric space such that (2.2.1) holds. Let
f : X — X be a non-decreasing map. Suppose « : X x X — [0,) satisfies (2.2.2). Suppose there exist
constants k € (0,1) and L > 0 such that « (x, y).d (fx, fy) < k(M (x,y))+ L.N(x,y) whenever x
and y are comparable and x = y . Further assume that (2.2.6), (2.2.7) and (2.2.8) hold.

Then f has a fixed point.

Proof. Take y (t) = kt incorollary 2.2.

Theorem 2.4. In addition to the hypotheses of theorem 2.1, suppose z is another coincidence point of f and
g . Suppose gx and gz are comparable. Then o (gx,gz)>1= gx =gz and a(gz,gx) >1= gx =gz .
Proof. Suppose « (gx, gz) > 1. Further suppose that gz = gx sothat d (gz,gx) > 0

Now d (gz,gx) < e (gz,gx).d (gz,gx) <w (M (z,x))+ L.N(z,x) (2.4.1)

where M (z,x) =

max
d(gz, fz)d(gx, fx) d(gz, fx)d (gx, fz) d(gz, fz)d(gz, fx) +d (gx, fx)d (gx, fz)
{d (9z, gx), , , }
d(9z,9x) d(g9z,9x) 2d(9z,9x)
d(gx, gx)

=max {d (gz,gx),0,d (gx, gz),T} = d(g9z,9x)

N(z,X)= min {d (gz, fz),d (gz, fx),d (gx, fz)} =0
From (2.4.1), d(gz,gx) <w (d(gz,gx))+0 < d(gz,gx) acontradiction.

gz = gx .
In the following theorem we prove the existence and uniqueness of common fixed pointof f and g .
Theorem 2.5. In addition to the hypothesis of theorem 2.1, suppose that f and g are weakly compatible.
Then f and g have a common fixed point, say z . If u is any common fixed point of f and g comparable
with z , then either o (u,z) <loru =z
Proof. Bytheorem2.1 f and g have coincidence point.
Suppose x is a coincidence pointof f and g sothat fx = gx
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Since f and g are weakly compatible, we have fgx = gfx
so that, fgx = g (gx) which impliesthat z = gx isa coincide pointof f and g .
Now gx=<ggx = gz .
Suppose « (gx,gz) =1.Then z = gx = gz (by theorem 2.4)
= z = gx isafixed point of g
Now fgx = gfx = g(gx) = gz = gx
Therefore fz = z
z is afixed point of f .
z isacommon fixed pointof f and g .
Suppose u is also common fixed pointof f and g and u is comparable with z .
If @ (u,z) <1, we are through.
Now suppose « (u,z)>1.Then a(gu,gz) = a(u,z)>1 = gu= gz (by theorem 2.4)

Therefore u=gu=gz=z
Therefore u=z.
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